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Abstract
We study a wide class of solvable PT symmetric potentials in order to identify con-
ditions under which these potentials have regular solutions with complex energy.
Besides confirming previous findings for two potentials, most of our results are new.
We demonstrate that the occurrence of conjugate energy pairs is a natural phe-
nomenon for these potentials. We demonstrate that the present method can readily
be extended to further potential classes.
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1 Introduction
According to a rather elementary result of quantum mechanics, bound states in a
real potential well have real eigenvalues, and the corresponding eigenfunctions are
normalizable. Recently it was shown [1] that real energy eigenvalues can appear
in one-dimensional complex (non-Hermitian) potentials if the Hamiltonian is PT
symmetric, i.e. it is invariant under simultaneous space (P) and time (T ) reflection.
The kinetic energy term (2m)−1p2 is obviously invariant under this transformation,
while for the potential term V ∗(−x) = V (x) is postulated.
The first PT invariant potentials have been studied using perturbation meth-
ods [2, 3] and numerical experiments. [4, 5, 6, 7] Later on, a number of solvable
models have been identified, typically as the complexified versions of solvable prob-
lems of quantum mechanics. They included the complex square well [8, 9] and all the
shape-invariant [10] (plus some Natanzon-class) [11] potentials. [12, 13, 14, 15, 16, 17]
In these cases the existence of real energy eigenvalues has been confirmed, however,
no consistent explanation has been given for this phenomenon. The reality of the
spectra has been interpreted in terms of certain analytic, [3, 18] Lie-algebraic [19, 20]
and perturbative [2, 21] arguments.
One has to note that in conventional (i.e. non-PT symmetric) quantum mechan-
ics the energy eigenvalues in complex potentials are usually complex. The conditions
for the energies Re(E) < 0 and for the regularity of the corresponding state cease
to come together, as it can be demonstrated in a simple solvable model [22]. It
turned out that also the PT invariance of the potentials does not necessarily lead to
the completely real spectrum, and complex-energy solutions have been constructed.
Since in this case the Hamiltonian retains PT symmetry, while the wavefunctions
do not, this phenomenon has been interpreted as the spontaneous breakdown of PT
symmetry. Examples have been found in a quasi-exactly solvable potential [23] and
among shape-invariant potentials with a strong non-Hermiticity. [24, 25]
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These findings obviously raised the question whether it is possible to formulate
some criteria for the appearance of complex-energy solutions in the generic PT
symmetric potential. No general answer has been given to this question yet, rather
the conditions varied in each case.
Motivated by the developments above, here we analyze a rather general family of
PT symmetric solvable potentials to identify conditions under which these potentials
support regular complex-energy solutions. We focus on potentials which, in conven-
tional quantum mechanics, are called shape-invariant, [10] and which contain the
majority of the most well-known textbook examples. These potentials can easily be
made PT symmetric by complexifying them after setting some of their parameters
to imaginary values.
In this respect a particularly interesting parameter is an imaginary coordinate
shift x → x + iǫ. This transformation played a key role in converting most of the
real potentials into PT symmetric ones, because it cancelled singularities (e.g. at the
origin) which allowed the extension of radial and periodic problems to the full x axis.
In conventional quantum mechanics (real) coordinate shifts are usually irrelevant to
the problem, as they do not influence the solutions and energy eigenvalues. In PT
symmetric quantum mechanics, however, imaginary coordinate shifts have a special
role. They can be interpreted in two ways. On the one hand, shifting potentials to
lines parallel to the x axis represent a special case of the procedure by which PT
symmetric potentials are defined on various contours of the complex plane, along
which the solutions are regular [1, 15, 16]. On the other hand, however, for these
relatively simple solvable cases the potential functions can be rewritten in such a
way that the coordinate shift ǫ appears in the coupling coefficients, and the whole
problem can still be though of as a potential defined on the x axis. [17]
We use a simple method based on variable transformations to derive the potentials
mentioned above. [26, 27] This method was found especially suited to the analysis
of the PT symmetrized versions of some shape-invariant potentials, partly because
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the imaginary coordinate shift appears in it in a natural way. [17]
2 Derivation of the potentials by variable trans-
formation
Our procedure is a variable transformation x → z(x), which takes the Schro¨dinger
equation
d2ψ
dx2
+ (E − V (x))ψ(x) = 0 (1)
into the second-order differential equation
d2F
dz2
+Q(z)
dF
dz
+R(z)F (z) = 0 (2)
with known solutions. Typically, F (z) is a special function of mathematical physics.
Selecting F (z) (and with it, the Q(z) and R(z) functions too), and introducing the
z(x) re-scaling one can define a solvable potential,
E−V (x) =
z′′′(x)
2z′(x)
−
3
4
(
z′′(x)
z′(x)
)2
+(z′(x))2
(
R(z(x))−
1
2
dQ(z)
dz
−
1
4
Q2(z(x))
)
. (3)
The solutions can then be expressed in terms of Q(z) and R(z) defining the special
function F (z), and the z(x) function controlling the variable transformation:
ψ(x) ∼ (z′(x))−
1
2 exp
(
1
2
∫ z(x)
Q(z)dz
)
F (z(x)) . (4)
This old method [26] has been applied in a systematic search for shape-invariant
potentials in the Hermitian context in Ref., [27] where the F (z) special function was
chosen as an orthogonal (viz., Jacobi, generalized Laguerre and Hermite) polynomial.
The z(x) function governing the variable transformation was then determined from
the direct integration of a first-order differential equation obtained from the condition
that some term on the right-hand side of Eq. (3) has to account for the constant
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(energy) term on its left-hand side. This requirement leads to a first-order differential
equation for z of the type (
dz
dx
)2
φ(z) = C , (5)
where φ(z) is a function of z originating from Q(z) and R(z). Its general solution is
given by ∫
φ1/2(z)dz = C1/2x+ δ , (6)
where, in contrast to Hermitian problems, the constant of integration plays a spe-
cial role for PT symmetric systems as the imaginary coordinate shift. [17] However,
similarly to the Hermitian case, this coordinate shift has no effect on the energy
eigenvalues. A further important implication of this method is that the transforma-
tion properties of the z(x) function under the PT operation can easily be established,
which facilitates the enforcement of PT symmetry on the potential V (x) in Eq. (3).
In this way whole classes of potentials can be treated on an equal footing.
Here we specify the method for the Jacobi and the generalized Laguerre poly-
nomials by choosing Q(z) = (β − α)(1 − z2)−1 − (α + β + 2)z(1 − z2)−1, R(z) =
n(n + α + β + 1)(1 − z2)−1 and Q(z) = −1 + (α + 1)/z, R(z) = n/z, respectively.
In what follows we occasionally make reference to the a previous study in which
conditions have been derived for having real spectra of the same PT symmetric
potentials. [17].
2.1 The PI potential family
The generic form of the shape-invariant PI type potentials (which are known as type
A potentials elsewhere [28, 27]) and their energy spectrum is
E − V (x) = C
(
n+
α + β + 1
2
)2
+
C
1− z2(x)

1
4
−
(
α + β
2
)2
−
(
α− β
2
)2
−
2Cz(x)
1− z2(x)
(
α + β
2
)(
α− β
2
)
. (7)
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This is obtained from (3) by substituting the appropriate form of Q(z) and R(z)
and setting φ(z) = (1 − z2)−1/2 in (5). As discussed in, [17] the four different
solutions z(x) of (6) are obtained as hyperbolic and trigonometric functions and are
either invariant under the PT operation, or change their sign. The six PI type PT
symmetric potentials and the energy eigenvalues are listed in the first six lines of
Table 1, along with the conditions under which the eigenvalues are complex and
the corresponding solutions are regular. These potentials are obtained from (7) by
setting z(x) and C to i sinh(ax + iǫ), cosh(ax + iǫ), cosh(2ax + iǫ), cos(ax + iǫ),
cos(2ax+ iǫ), sin(ax+ iǫ) and C = −a2, −a2, −4a2, a2, 4a2, a2.
Let us discuss the details with the example of the potential appearing in the first
line,
V (x) = −
(
α2 + β2
2
−
1
4
)
a2
cosh2(ax+ iǫ)
− ia2
(
α2 − β2
2
)
sinh(ax+ iǫ)
cosh2(ax+ iǫ)
. (8)
(It Table 1 we used a = 1 everywhere for simplicity.) This potential remains non-
singular in the limit ǫ → 0. Specifying the generic form of the solution (4) for this
case we find that it is regular for x→ ±∞ (i.e. |z| → ∞) if n < −1
2
[Re(α + β) + 1]
holds, while regularity for x → 0 (z → ±1) requires ǫ 6= π
2
± kπ. Combining these
with the conditions α∗ = ±α, β∗ = ±β securing PT symmetry of the potential [17]
and the requirement of having complex energy eigenvalues we find that to satisfy all
these criteria, either α or β has to be imaginary, and also we need ǫ 6= π
2
± kπ, as
displayed in Table 1.
This potential has also been analyzed in [24] for the special case of ǫ = 0. There it
is underlined that complex energies appear if |V2| > V1+
1
4
holds, where V1 and V2 are
the coefficients of the real and the imaginary parts of the potential. This agrees with
our results (for ǫ = 0), according to which either α or β has to be imaginary, since
−|V2|+V1+
1
4
equals to the square of the imaginary parameter (i.e. α2 or β2) and is
always negative. If both α and β are imaginary, then the solutions become irregular
for |z| → ∞, while if both of them are real, then the energy eigenvalues become real.
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For ǫ 6= 0 the two potential terms both become complex, so the decomposition of
the potential into real and imaginary component is less trivial. We only note that
for ǫ = π
2
± kπ the potential becomes the real version of the singular generalized
Po¨schl–Teller potential, corresponding to the case denoted with PI(cosh(ax + iǫ)),
setting ǫ = 0.
The conditions are rather similar to the other type PI potentials, with the excep-
tion that for the trigonometric potentials the regularity requirement of the solutions
ψn(x) at |z| → ∞ is irrelevant, and therefore the principal quantum number n can
take any number, i.e. these potentials have infinite bound states. It has to be noted
that further analysis of the boundary conditions is necessary if these trigonometric
potentials are defined to be periodic by extending them to the full x axis. [6, 29]
2.2 The PII potential family
The PII (or type E [28, 27]) potentials are obtained in a similar way, taking φ(z) =
(1−z2)−1 in (5). The four PT symmetric potentials belonging to this class are again
characterized by z(x) functions of the hyperbolic or trigonometric type, which are
either invariant under the PT operation or change sign. The generic form of the
potential and the energy spectrum for this class is
E − V (x) = −C


(
α + β
2
)2
+
(
α− β
2
)2− 2C
(
α + β
2
)(
α− β
2
)
z(x)
+C
(
n +
α+ β
2
)(
n+
α + β
2
+ 1
)
(1− z2(x)) . (9)
With a parameter transformation s = n+(α+β)/2 and Λ = α−β
2
α+β
2
the dependence
on n can be shifted to the constant (energy) term, leading to the potential function
V (x) = −Cs(s + 1)(1− z2(x))− 2CΛz(x) , (10)
and the E = −C[(s − n)2 + Λ2(s − n)−2] energy formula. The four PT symmetric
PII type potentials are again displayed in lines seven to ten in Table 1. These are
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obtained from (10) by choosing z(x) = tanh(ax+ iǫ), coth(ax+ iǫ), −i cot(ax+ iǫ),
i tan(ax+ iǫ); C = a2, a2, −a2, −a2; and Λ = iλ, iλ, −λ and λ.
As an example, let us analyse in more detail the hyperbolic Rosen–Morse potential
obtained for z(x) = tanh(ax+ iǫ),
V (x) = −a2
s(s+ 1)
cosh2(ax+ iǫ)
− 2iλa2 tanh(ax+ iǫ) . (11)
(We used a = 1 in Table 1 for these potentials too, for simplicity.) This potential is
PT invariant, if λ is real, and s is either real or it is complex, with Re(s) = −1/2. [17]
From Table 1 we then read that complex energies can appear only in this latter
case, i.e. if s = −1
2
+ iσ. However, this contradicts the regularity requirement for
the solutions at z → ±1, which allows regular solutions only for real values of s,
therefore we conclude that this potential cannot support complex-energy solutions.
This is not surprizing, at least for ǫ = 0, since then s(s+ 1) = −σ2 − 1
4
, i.e. the first
(real) term of the potential is repulsive. For ǫ 6= 0 the situation is less clear, in a way
similar to the PI type potentials.
With the exception of the above two examples, the potentials in Table 1 have
singularities, and they can be regularized only with the use of the non-vanishing
imaginary coordinate shift iǫ. Otherwise, the detailed discussion is rather similar
for these potentials, except that the requirements are again more relaxed for the
trigonometric potentials, so complex-energy solutions are possible in those cases.
2.3 The LI potential family
Potentials related to the generalized Laguerre polynomials are obtained by setting
Q(z) = −1 + (α + 1)/z and R(z) = n/z. Setting φ(z) = z−1/2 in (5), the type LI
potential, i.e. the harmonic oscillator is obtained (which is referred to as the type
C family elsewhere. [28, 27]) The PT symmetric version of this problem is obtained
using the complex z(x) = C
4
(x + iǫ)2 function. (We note that due to the particular
form of the solutions (4), the imaginary coordinate shifts do not lead to normalizable
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states for the other two shape-invariant potentials related to the generalized Laguerre
polynomials, the LII (or type F [28, 27]) Coulomb and the LII (or type B [28, 27])
Morse potentials, so these have to be defined on more sophisticated contours of the
complex plane. [15, 16])
The PT symmetric harmonic oscillator is then obtained from the current version
of (3) as
E − V (x) = C
(
n+
α + 1
2
)
−
C
4
z(x)−
C
4z(x)
(
α2 −
1
2
)
, (12)
if α is real or imaginary. [17] Using the notation C = 2ω one gets the familiar form of
the potential displayed in the last line of Table 1. Its solutions are necessarily regular
asymptotically (for |z| → ∞) and also at x → 0, if ǫ 6= 0 holds. Complex-energy
solutions emerge if α is imaginary, provided that the singularity of the potential is
cancelled by taking ǫ 6= 0. This induces a finite and attractive centrifugal term with
complex angular momentum. This again agrees with the findings of Refs. [14, 25]
3 Conclusions
In conclusion, we have reviewed a wide class of PT symmetric potentials and specified
conditions under which they can support complex-energy solutions. For this we had
to combine various requirements for the potential parameters. In some cases these
requirements contradict each other, so no such potentials can exist. Our results
agree with those of Ref. [25] for the harmonic oscillator, and contain the findings of
Ref. [24] as a special case. All our other results are new.
A general feature of the present potential class is that the functional form of the
potentials depends on the squares of the potential parameters which can take on
imaginary values (i.e. α, β, iσ), therefore the potentials are insensitive to the sign
of this parameter. However, this sign appears explicitly in the energy formulae as
the sign of the imaginary component of the energy, thus the occurrence of complex
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conjugate energy pairs is a necessity. From the structure of the energy formulae it
is apparent that depending on the potential parameters, the energy eigenvalues of
these potentials either all real or complex, so they practically do not occur together
at the same time. It can be noted, however, that it might be possible to make a
single energy eigenvalue real by “fine tuning” the potential parameters such that the
principal quantum number n is cancelled by the real part of the potential parameters
and the numerical constants.
Further systematic studies of the same potentials can be planned to find real
spectra in complex potentials that do not fulfill PT symmetry. Such potentials
have been sought, [8, 30] and the present method seems rather appropriate for such
purposes. As a further possibility, a similar study of PT symmetric potential defined
on bent contours of the complex x plane represents a challenging task.
We note that the present formalism is applicable to potentials beyond the shape-
invariant class. In particular, some “implicit” potentials belonging to the Natanzon
class [11] can be made PT symmetric, [17] and the conditions for real- or complex-
energy regular solutions can be derived. As an example we mention the potential in
Ref. [31], which had been introduced as conditionally exactly solvable. Later it was
shown that it is just an element of the exactly solvable Natanzon potential class. [32]
The energy eigenvalues of this potential are obtained from a cubic algebraic equation.
The complexified PT symmetric version of this potential has been studied, [33] and
in the present context the interpretation of the complex roots of the cubic equation
seems a rather intriguing question.
Acknowledgments
This work was supported by the OTKA grant No. T031945 (Hungary) and grant
No. 1048004 of GA AS CR (Czech Republic).
9
References
[1] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 24, 5243 (1998).
[2] E. Caliceti, S. Graffi and M. Maioli, Commun. Math. Phys. 75, 51 (1980).
[3] V. Buslaev and V. Grecchi, J. Phys. A: Math. Gen. 26, 5541 (1993).
[4] D. Bessis, private communication to M. Z., 1992, unpublished.
[5] C. M. Bender, S. Boettcher and P. N. Meisinger, J. Math. Phys. 40, 2201
(1999).
[6] C. M. Bender, G. V. Dunne and P. N. Meisinger, Phys. Lett. A 252, 272 (1999).
[7] F. M. Ferna´ndez, R. Guardiola, J. Ros and M. Znojil, J. Phys. A: Math. Gen.
32, 3105 (1999);
M. Znojil, J. Phys. A: Math. Gen. 32, 7419 (1999).
[8] F. Cannata, G. Junker and J. Trost, Phys. Lett. A 246, 219 (1998).
[9] C. M. Bender, S. Boettcher, H. F. Jones and V. M. Savage, J. Phys. A: Math.
Gen. 32, 6771 (1999).
[10] L. E. Gendenshtein, Zh. Eksp. Teor. Fiz. Pis. Red. 38, 299 (1983); (Engl.
transl. JETP Lett. 38, 35 (1983)).
[11] G. A. Natanzon, Teor. Mat. Fiz. 38, 146 (1999).
[12] M. Znojil, J. Phys. A: Math. Gen. 32, 4563 (1999).
[13] M. Znojil, J. Phys. A: Math. Gen. 33, 4561 (2000).
[14] M. Znojil, Phys. Lett. A 259 220 (1999).
[15] M. Znojil, Phys. Lett. A 264, 108 (1999).
10
[16] M. Znojil and G. Le´vai, Phys. Lett A 271, 327 (2000).
[17] G. Le´vai and M. Znojil M, J. Phys. A: Math. Gen. 33, 7165 (2000).
[18] G. A. Mezincescu, J. Phys. A: Math. Gen. 33, 4911 (2000).
[19] B. Bagchi and C. Quesne, Phys. Lett. A 273, 285 (2000).
[20] G. Le´vai, F. Cannata and A. Ventura, J. Phys. A: Math. Gen. 34, 839 (2001).
[21] F. Ferna´ndez, R. Guardiola, J. Ros and M. Znojil, J. Phys. A: Math. Gen. 31,
10105 (1998).
[22] D. Baye, G. Le´vai and J.-M. Sparenberg, Nucl. Phys. A 599, 435 (1996).
[23] A. Khare and B. P. Mandal, Phys. Lett. A 272, 53 (2000).
[24] Z. Ahmed, Phys. Lett. A 282, 343 (2001).
[25] M. Znojil, arXiv: math-ph/0104012.
[26] A. Bhattacharjie and E. C. G. Sudarshan, Nuovo Cimento 25, 864 (1962).
[27] G. Le´vai, J. Phys. A: Math. Gen. 22, 689 (1989).
[28] L. Infeld and T. E. Hull, Rev. Mod. Phys. 23, 21 (1951).
[29] M. Znojil, arXiv: math-ph/0102034.
[30] A. A. Andrianov, F. Cannata, J.-P. Dedonder and M. V. Ioffe, Int. J. Mod.
Phys. A 14, 2675 (1999).
[31] R. Dutt, A. Khare and Y. P. Varshni, J. Phys. A: Math. Gen. 28, L107 (1995).
[32] R. Roychoudhury, P. Roy, M. Znojil and G. Le´vai, J. Math. Phys. 42, 1996
(2001).
[33] M. Znojil, G. Le´vai, R. Roychoudhury and P. Roy, arXiv: quant-ph/0104059.
11
Table 1: Solvable potentials with spontaneous PT −symmetry breaking.
V (x) En Complex-energy
regular solutions
− 2(α
2+β2)−1
4 cosh2(x+iǫ)
− i (α
2
−β2) sinh(x+iǫ)
2 cosh2(x+iǫ)
−
(
n+ α+β+1
2
)2
α or β imaginary,
ǫ 6= π
2
± kπ
2(α2+β2)−1
4 sinh2(x+iǫ)
+ (α
2
−β2) cosh(x+iǫ)
2 sinh2(x+iǫ)
−
(
n+ α+β+1
2
)2
α or β imaginary,
ǫ 6= kπ
− 4β
2
−1
4 cosh2(x+ i
2
ǫ)
+ 4α
2
−1
4 sinh2(x+ i
2
ǫ)
−(2n + α + β + 1)2 α or β imaginary,
ǫ 6= kπ
2(α2+β2)−1
4 sin2(x+iǫ)
+ (α
2
−β2) cos(x+iǫ)
2 sin2(x+iǫ)
(
n+ α+β+1
2
)2
α and/or β imag.,
Im(α + β) 6= 0, ǫ 6= 0
4β2−1
4 cos2(x+ i
2
ǫ)
+ 4α
2
−1
4 sin2(x+ i
2
ǫ)
(2n+ α + β + 1)2 α and/or β imag.,
Im(α + β) 6= 0, ǫ 6= 0
2(α2+β2)−1
4 cos2(x+iǫ)
+ (α
2
−β2) sin(x+iǫ)
2 cos2(x+iǫ)
(
n+ α+β+1
2
)2
β = −α∗ imag.,
ǫ 6= 0
− s(s+1)
cosh2(x+iǫ)
− 2iλ tanh(x+ iǫ) −(s− n)2 + λ
2
(s−n)2
no such solutions
s(s+1)
sinh2(x+iǫ)
− 2iλ coth(x+ iǫ) −(s− n)2 + λ
2
(s−n)2
no such solutions
s(s+1)
sin2(x+iǫ)
− 2iλ cot(x+ iǫ) (s− n)2 + λ
2
(s−n)2
s = −1
2
+ iσ,
ǫ 6= 0
s(s+1)
cos2(x+iǫ)
+ 2iλ tan(x+ iǫ) (s− n)2 + λ
2
(s−n)2
s = −1
2
+ iσ,
ǫ 6= 0
ω2
4
(x+ iǫ)2 + (α2 − 1
4
) 1
(x+iǫ)2
2ω(n+ α+1
2
) α imaginary,
ǫ 6= 0
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